All the homogeneous structures on the generalized Heisenberg group H(p, 1) are found, obtaining a one-parameter family of quasi-Sasakian homogeneous structures on this group.
In [AS] , Ambrose and Singer give a characterization of the homogeneous Riemannian manifolds through a tensor field F of type (1,2) satisfying certain conditions (see §1). Afterwards, F. Tricerri and L. Vanhecke [TV] obtain a classification for the homogeneous Riemannian spaces into eight different classes by properties of the F 's. Moreover, they determine all the homogeneous structures on the 3-dimensional Heisenberg group and prove that such structures belong to the class T2®T3. On the other hand, in [ChG] we have studied and characterized the almost contact metric homogeneous manifolds (i.e. almost contact metric manifolds with transitive almost contact isometry groups).
In this paper we find all the homogeneous structures on the (2p + 1)-dimensional generalized Heisenberg group H(p , 1), endowed with its natural left-invariant metric. This group is an example of a connected, simply connected, two-step nilpotent, real Lie group of type H with one-dimensional center, and so it is a Heisenberg group [K] . Also, we obtain the transitive and effective groups of isometries on H(p , 1) associated with a family of such homogeneous structures, and we give a one-parameter family of almost contact homogeneous structures (Tx ; q>,¿j, n) .
In §1, we give some results on almost contact metric manifolds and homogeneous structures on Riemannian manifolds. Beginning with §2 we determine all the homogeneous structures on H(p ,1). Next, we characterize the homogeneous structures on this group of type T2®T3> obtaining also a large class of such structures. Moreover, the groups of isometries on H(p , 1) associated with those examples are found. Finally, in §3, we give a new characterization _ for the quasi-Sasakian manifolds, i.e. normal almost contact metric manifolds with closed fundamental 2-form, in terms of its Riemannian connection, and we obtain a one-parameter family of almost contact homogeneous structures (Tx;<p ,¿; ,n) where Tx are of type T2®T3 and (<p,Ç,n) is quasi-Sasakian.
Preliminaries
A (2« + l)-dimensional real differentiable manifold M of class C°° is said to have a (<p ,¿;, /^-structure or an almost contact structure if it admits a field tp of endomorphisms of the tangent spaces, a vector field ¿;, and a 1-form r\ satisfying n(£,) = 1 , <p2 = -I + n <g> ¿;, where / denotes the identity transformation, [B2] . Denote by X(M) the Lie algebra of C°° vector fields on M. Such a (paracompact) manifold M with a (<p ,Ç , ^-structure admits a Riemannian metric
where X ,Y g X(M). Then M is said to have a (<p ,Ç , n , g)-structure or an almost contact metric structure and g is called a compatible metric. For an extensive study of these structures we refer to [Bl, B2, TV] . A connected Riemanniann manifold (M , g) is said to be homogeneous if there exists a connected Lie group G which acts on (M ,g) as a transitive and effective group of isometries.
Ambrose and Singer [AS] proved that a connected, complete and simply connected Riemannian manifold (M , g) is homogeneous if and only if there exists a tensor field F of type (1,2) such that A homogeneous (Riemannian) structure on (M ,g) is a tensor field F of type (1,2) which is a solution of the system (AS).
F. Tricerri and L. Vanhecke obtained in [TV] a classification of the homogeneous structures in eight different classes. These are:
F2 if <£>TXYZ = 0 and cX2(T) = 0,
where 0 denotes the cyclic sum over X, Y , Z e X(M). An almost contact metric manifold (M ,(p,£,,t},g ) is said to be almost contact homogeneous if (M ,g) is homogeneous and cp is invariant under the action of the group. In [ChG] we have proved Theorem 1.1. Let (M ,<p,Ç,n,g) be an almost contact homogeneous manifold. Then, there exists a tensor field T of type (1,2) satisfying the conditions (AS), and furthermore (iv) Vxtp = Txtp -<pTx , for all X e X(M).
Conversely, if a connected, simply connected, complete almost contact metric manifold (M ,<p ,£, ,n , g) admits a tensor field T of type (1,2) 
is an almost contact homogeneous manifold.
From this theorem it follows that, for the almost contact homogeneous manifolds, ¿;, n and í> are invariant under the action of the group.
We shall call (T ,ç ,£ ,r¡) an almost contact homogeneous structure on Next, we determine the homogeneous structures on (H(p , 1), g). Let F be a (0,3)-tensor field such that TXYZ + TXZY = 0 for all X, Y, Z G X (H(p , 1) ). By the condition (ii) of (AS) , that is Furthermore, it follows that (2.4) and (2.5) are equivalent to the condition (iii) of (AS).
We conclude Theorem 2.1. All the homogeneous structures T on (H(p , 1), g) are given by p 2T = YlSai ® ap+iA y+ap+i ® yA *< ) (2-6) '=1 p + ¿2 {au ® (a, A ay + ap+/ A ap+j) + 2bij ® a,. A ap+>} , ' .7=1 where the l-forms atj and bi} satisfy (2.4), (2.5) and atJ = -a^.b^ = bjr
Next, we classify the homogeneous structures on (H(p ,l),g). From [TV, Theorem 5 .1], the connected Riemannian manifolds which admit a homogeneous structure T ^ 0 of type F, are of constant negative curvature. Thus, by (2.1), (H(p,\),g) does not admit any homogeneous structure of type Tx . The Lie algebra G of the transitive and effective group G of isometries of (H(p ,l) ,g) associated with the homogeneous structure T(r ,s,tx , ... ,t ) is isomorphic to the direct sum M © K, where K is the holonomy algebra of V = V -F and M = TxH(p , 1), x G H(p , 1) . In what follows we shall take for x the origin o of H(p , 1). From [KN, Theorem 8 Hence G is a 2(p + 1)-dimensional Lie algebra. The subalgebra generated by the vector fields XS,V, s -1, ... ,2p, denoted by (Xs, V), is isomorphic to the Lie algebra of H(p ,1). From the expressions of the brackets of these vector fields, the Lie algebra G is a semidirect sum of (Xs, V) and (B). More precisely,
Q={Xs,V)xg(B)
where a is the representation of (B) on (X , V) given by Thus, in this case, G is a semidirect product of H(p, 1 ) with a one-dimensional Lie group. To describe this group, we identify H(p, 1) with Cp x R through the application (x¡ ,x+j ,z)-* (tu ,t) where w. = x, + ixp+j and t = z -j X/Li xjxp+j which is an isomorphism of Lie groups, considering on CpxR the structure of Lie group given by / , p \ (Wj, t)(w'j ,t')= \wj + w'j, t +1' + ^ E Im ( Next, we give a family of quasi-Sasakian structures on H(p, 1). For it, let (<p,Ç,r],g) be an almost contact metric structure on H(p, 1) and tp1" the components of <p, with respect to the basis {X ,Z}, s = I, ... ,2p. We assume that tp™ = constant and Z = ¿;, then (V^)*f = K+'í. iyXp^)xr = -w¿, where 1 < / < p and 1 < r < 2p . Also, we obtain ( v)*,.=\ ¿{(?r+ti+tWj+(C -f¡)x"j}. If we suppose that (3.5) is satisfied, using condition (3.1), it is not hard to check that (cp , ¿J, r\, g) is a quasi-Sasakian structure. Moreover, p i=i So, we have established the following. Now, it is not difficult to check that ¿; = ±Z. From (3.6) we obtain Xl(tp"p++Jk) = Xi(fJk) = 0, \<j,k<p, and this gives (3.8) VPpti = 9pti(xp+l.x2P,z), <PJk = vi{xp+x,... ,x2p,z).
We also have that Xp+i(9Pp++i) = Xp+i(çJk) = 0, and so f39) <A x°<i ^L_ xd<i { } 9xp+, -*' dz ■ dxp+l -X> dz • Combining (3.8) and (3.9) we deduce that <pp*Jk and tpJk are constant and <+' = 9f+J ■
In the same way we can see that <?' = pf£', which proves (b).
From Theorems 3.3 and 3.4 we obtain Corollary 3.1. If A jí j a/iúf (T;<p ,Ç,n) is an almost contact homogeneous structure on (H(p , 1), g), then (tp , ¿; ,n) is quasi-Sasakian.
